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Abstract
A graph is half-arc-transitive if its automorphism group acts transitively on vertices and edges, but
not on arcs. It is known that for a prime p there is no tetravalent half-arc-transitive graphs of order p or
p2. Xu [M.Y. Xu, Half-transitive graphs of prime-cube order, J. Algebraic Combin. 1 (1992) 275–282]
classified the tetravalent half-arc-transitive graphs of order p3. As a continuation, we classify in this paper
the tetravalent half-arc-transitive graphs of order p4. It shows that there are exactly p − 1 nonisomorphic
connected tetravalent half-arc-transitive graphs of order p4 for each odd prime p.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper p is a prime number. Denote by Zn the cyclic group of order n and
Zmp the elementary abelian group of order pm . For a group G and g ∈ G, denote by o(g) the
order of g in G. For a graph X , we let V (X), E(X), A(X) and Aut(X) be its vertex set, edge set,
arc set and full automorphism group, respectively. A graph X is said to be vertex-transitive,
edge-transitive, or arc-transitive if Aut(X) acts transitively on V (X), E(X) or A(X),
respectively, and half-arc-transitive provided that it is vertex-transitive, edge-transitive, but not
arc-transitive.
The investigation of half-arc-transitive graphs was initiated by Tutte [27] and he proved that
a vertex- and edge-transitive graph with odd valency must be arc-transitive. In 1970, Bouwer [3]
constructed the first family of half-arc-transitive graphs and later more such graphs were
constructed (see [2,10,15,17,26,28]). It was shown that there is no half-arc-transitive graphs with
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less than 27 vertices (see [1]). By Chao [7] and Cheng and Oxley [8], there are no half-arc
transitive graphs of order p or 2p. By Alspach and Xu [2], one may deduce a classification of
tetravalent half-arc-transitive graphs of order 3p and Feng et al. [12] classified the tetravalent
half-arc-transitive graphs of order 4p. Xu [30] classified the tetravalent half-arc-transitive graphs
of p3. Constructing and characterizing tetravalent half-transitive graphs is currently an active
topic in algebraic graph theory (see, for example, [9,13,18–23,25,31]). In this paper, we classify
the tetravalent half-arc-transitive graphs of p4.
Let G be a permutation group on a set Ω and α ∈ Ω . Denote by Gα the stabilizer of α in G,
that is, the subgroup of G fixing the point α. We say that G is semiregular on Ω if Gα = 1 for
every α ∈ Ω and regular if G is transitive and semiregular. Let G be a finite group and let S be
a subset of G such that 1 6∈ S and S is symmetrical, that is, S−1 = {s−1 | s ∈ S} is equal to
S. The Cayley graph X = Cay(G, S) on G with respect to S is defined as the graph with vertex
set V (X) = G and edge set E(X) = {gh | g, h ∈ G, gh−1 ∈ S}. A Cayley graph Cay(G, S) is
connected if and only if G = 〈S〉, that is, S generates G. A graph X is isomorphic to a Cayley
graph on a group G if and only if its automorphism group Aut(X) has a subgroup isomorphic to
G acting regularly on vertices (see [4, Lemma 16.3]).
For each odd prime p, there are two metacyclic groups of order p4 defined by
G1(p) = 〈a, b | a p3 = bp = 1, [a, b] = a p2〉,
G2(p) = 〈a, b | a p2 = bp2 = 1, b−1ab = a1+p〉.
For 1 ≤ i ≤ (p − 1)/2, let
Si = {a, a−1bi , a−1, (a−1bi )−1}, Ti = {bi , abi , b−i , (abi )−1}
be subsets of G1(p) and G2(p), respectively. The following is the main result of this paper:
Theorem 1.1. A connected tetravalent graph of order p4, p a prime, is half-arc-transitive if
and only if p ≥ 3 and it is isomorphic to one of the Cayley graphs Cay(G1(p), Si ) and
Cay(G2(p), Ti ), 1 ≤ i ≤ (p − 1)/2.
Remark. By Theorem 1.1, all connected tetravalent half-arc-transitive graphs of order p4 (p a
prime) are Cayley graphs on metacyclic groups of order p4 for an odd prime p. Li and Sim [17]
counted the number of such graphs as (p2−1)/2+p−1, but it is reduced to p−1 by Theorem 1.1.
For example, the graphs Γ2,2,1,2,i = Cay(G2(p), {bia, bia−1, (bia)−1, (bia−1)−1}) (1 ≤ i ≤ p
−1) are counted as nonisomorphic ones in [17, Theorem 1.1(2)], but the automorphism of G2(p)
induced by a 7→ a−(1+i p), b 7→ b1−tp is an isomorphism from Γ2,2,1,2,i to Γ2,2,1,2,p−i , where t
is an integer satisfying i t = 1(mod p).
2. Preliminaries
We start by stating some group-theoretical results. For a group G and x, y ∈ G, denote by
[x, y] the commutator x−1y−1xy. The following proposition is a basic property of commutators
and it is straightforward (see [24, 5.1.5]):
Proposition 2.1. Let G be a group. Then, for any x, y, z ∈ G, [xy, z] = [x, z]y[y, z] and
[x, yz] = [x, z][x, y]z .
The following result is called the Frattini argument:
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Proposition 2.2 ([24, 5.2.14]). Let H be a normal subgroup of a finite group G and P a Sylow
subgroup of H. Then, G = HNG(P) where NG(P) is the normalizer of P in G.
The Frattini subgroupΦ(G) of a finite group G is defined to be the intersection of all maximal
subgroups. An element g of G is called a nongenerator of G if G = 〈T, g〉 implies G = 〈T 〉 for
any subset T of G.
Proposition 2.3 ([24, 5.2.12]). For any finite group G, Φ(G) equals the set of nongenerators of
G.
Let G be a finite p-group. Denote by G ′ the derived subgroup of G. Set G p = 〈g p | g ∈ G〉.
The following theorem is called the Burnside Basis Theorem:
Proposition 2.4 ([24, 5.3.2]). Let G be a finite p-group. Then, Φ(G) = G ′G p. If |G : Φ(G)|
= pr then every generating set of G has a subset of r elements which also generates G. In
particular, G/Φ(G) ∼= Zrp.
Let G be a finite p-group. Denote by c(G) the nilpotent class of G. The exponent of G is
the largest order of the elements in G, denoted by exp(G). The group G is called p-abelian if
(xy)p = x p y p for any x, y ∈ G.
Proposition 2.5 ([6, Theorem 3.1]). Let G be a finite p-group which is generated by two
elements and whose derived subgroup G ′ is abelian. Then G is p-abelian if and only if
exp(G ′) ≤ p and c(G) < p.
By Proposition 2.4, all minimal generating sets of a finite p-group G have the same
cardinality, called the rank of G and denoted by d(G). A classification of the nonabelian groups
of order p4 for an odd prime p was given by Huppert [14, Chapter 3, Theorem 12.6 and Exercise
29]. One may obtain those nonabelian groups of order p4 with d(G) = 2. Note that c(G) < n if
|G| = pn and G is abelian if and only if c(G) = 1.
Proposition 2.6. Let p be an odd prime and G a group of order p4 with d(G) = 2. Then,
(I) If c(G) = 2 then G is isomorphic to one of the following:
(1) G1(p) = 〈a, b | a p3 = bp = 1, [a, b] = a p2〉.
(2) G2(p) = 〈a, b | a p2 = bp2 = 1, [a, b] = a p〉.
(3) G3(p) = 〈a, b, c | a p2 = bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1〉.
(II) If c(G) = 3 then G is isomorphic to one of the following:
(4) G4(p) = 〈a, b, c | a p2 = bp = cp = 1, [a, b] = a p, [a, c] = b, [b, c] = 1〉.
(5) G5(p) = 〈a, b, c | a p2 = bp = 1, cp = a p, [a, b] = a p, [a, c] = b, [b, c] = 1〉.
(6) G6(p) = 〈a, b, c | a p2 = bp = 1, cp = aλp, [a, b] = a p, [a, c] = b, [b, c] = 1〉, where
λ is a non-quadratic residue modulo p.
(7) G7(p) = 〈a, b, c, d | a p = bp = cp = d p = 1, [c, d] = b, [b, d] = a, [a, b] = [a, c]
= [a, d] = [b, c] = 1〉 for p > 3,
G7(3) = 〈a, b, c | a9 = b3 = c3 = 1, [a, b] = 1, [a, c] = b, [b, c] = a−3〉.
The following proposition is due to C.H. Li:
Proposition 2.7 ([16, Theorem 1.1(3)]). Let Cay(G, S) and Cay(G, T ) be two connected Cayley
graphs on a p-group G with respect to subsets S and T , and let |S| = |T | < 2p. Then Cay(G, S)
and Cay(G, T ) are isomorphic if and only if there is an automorphism α of G such that Sα = T .
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Let X = Cay(G, S) be a Cayley graph on a group G with respect to S. Set A = Aut(X)
and Aut(G, S) = {α ∈ Aut(G) | Sα = S}. For each g ∈ G, let R(g) denote the permutation
on G defined by x 7→ xg, x ∈ G. Then, A contains the right regular representation R(G)
:= {R(g) | g ∈ G} of G, which is regular on V (X), and the group Aut(G, S) is a subgroup of
A1, the stabilizer of 1 in A. A Cayley graph Cay(G, S) is said to be normal if A contains R(G)
as a normal subgroup.
Proposition 2.8 ([29, Proposition 1.5]). A Cayley graph X = Cay(G, S) is normal if and only
if A1 = Aut(G, S).
By [5, Theorem 1.2] and [11, Theorem 1.1], we have the following proposition.
Proposition 2.9. For an odd prime p, a connected tetravalent Cayley graph Cay(G, S) on a
p-group G with c(G) ≤ 2 is not normal if and only if G ∼= Z5 and Cay(G, S) is the complete
graph of order 5.
For any abelian group H , the map h 7→ h−1, h ∈ H is an automorphism of H . In view of the
proof of [12, Propositon 2.1], we have the following proposition:
Proposition 2.10. Let G be a finite group and Cay(G, S) a connected half-arc-transitive Cayley
graph. Let A = Aut(Cay(G, S)). Then, S does not contain an involution and for any s ∈ S,
there is no α ∈ A1 satisfying sα = s−1. Furthermore, every edge-transitive Cayley graph on an
abelian group is also arc-transitive.
3. Analysing automorphism groups
In this section we shall show that a connected tetravalent half-arc-transitive graph of order p4
(p a prime) is a normal Cayley graph on a nonabelian group of order p4. First we prove a lemma.
Lemma 3.1. Let p be an odd prime and Cay(G, S) a connected tetravalent edge-transitive
Cayley graph on a nonabelian finite p-group G. If S contains an element of order p then every
element in S has order p.
Proof. Let X = Cay(G, S) and A = Aut(X). Since p is odd, S = {x, y, x−1, y−1} for some
x, y ∈ G with x, y 6= 1. By the connectivity of X , G = 〈x, y〉. Suppose that o(x) = p and
o(y) 6= p.
Clearly, C = (1, x, x2, . . . , x p−1) is a cycle of length p in X , where x p = 1. We claim
that C is the unique cycle of length p passing through the vertex 1 in X . Suppose that
(1, t1, t2t1, . . . , tp−1 · · · t2t1) with tptp−1 · · · t2t1 = 1 (ti ∈ S, 1 ≤ i ≤ p) is another cycle
of length p passing through the vertex 1 in X . Let m1, m2, n1, n2 be the numbers of x ,
x−1, y, y−1 appearing in {t1, t2, t3, . . . , tp}, respectively. Since p is odd and y p 6= 1, one
has 1 ≤ m1 + m2 ≤ p − 1, 1 ≤ n1 + n2 ≤ p − 1 and m1 + m2 + n1 + n2 = p. For
convenience, write g = gΦ(G) for any g ∈ G. Since G = 〈x, y〉 is nonabelian, Proposition 2.4
implies that G/Φ(G) = 〈x〉 × 〈y〉 ∼= Zp × Zp is elementary abelian. Since tptp−1 · · · t2t1 = 1,
one has tpΦ(G)tp−1Φ(G) · · · t2Φ(G)t1Φ(G) = Φ(G). Thus, xm1−m2 yn1−n2 = 1 and hence
m1−m2 = 0 and n1−n2 = 0 because 1− p ≤ m1−m2 ≤ p−1 and 1− p ≤ n1−n2 ≤ p−1.
It follows that bothm1+m2 and n1+n2 are even, contrary to the fact thatm1+m2+n1+n2 = p
is odd. Thus, C is the unique cycle of length p passing through the vertex 1 in X .
On the other hand, since there is a p-cycle C passing the vertex 1, the edge-transitivity of X
implies that there are at least two cycles of length p passing through the vertex 1, a contradiction.
This completes the proof. 
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The following is the main result of this section:
Theorem 3.2. Let p be a prime. Then, every connected tetravalent half-arc-transitive graph of
order p4 is a normal Cayley graph on a nonabelian group of order p4.
Proof. Let X be a connected tetravalent half-arc-transitive graph of order p4 and A = Aut(X).
Under the natural action of A on V (X) × V (X), A has two orbits on the arc set of X , say AS1
and AS2, which are paired with each other, that is, AS2 = {(v, u) | (u, v) ∈ AS1}. Thus, one
obtains two connected orientated graphs having V (X) as vertex sets, and AS1 and AS2 as arc
sets respectively. Let D(X) be one of the two orientated graphs. Clearly, D(X) has out-valency
and in-valency equal to two and admits A as an arc-transitive automorphism group. Thus, A is
arc-transitive on D(X) and since D(X) has valency 2, the stabilizer Au of u ∈ V (X) in A is
a 2-group. By the vertex-transitivity of A, |A| = p4|Au |. Thus, every Sylow p-subgroup of A
has order p4 and so acts regularly on V (X) because |V (X)| = p4. This implies that X is a
Cayley graph on a group G of order p4, say X = Cay(G, S). By the transitivity of R(G) on
X , A = A1R(G). Since there is no half-arc-transitive graph with less than 27 vertices, we have
p ≥ 3. By Proposition 2.10, G is nonabelian. To complete the proof, it suffices to show that
X = Cay(G, S) is normal.
Suppose to the contrary that X is not normal, that is, R(G) 6 A. By Proposition 2.9,
c(G) = 3. Since A = R(G)A1, R(G) and A1 are Sylow p- and 2-subgroups of A. By Burnside’s
paqb-theorem (see [24, Theorem 8.5.3]), A is solvable. Let O2(A) and Op(G) be the largest
normal 2- and p-subgroups of A. Then, O2(A) ≤ A1 and Op(A) ≤ R(G). The normality of
O2(A) in A implies O2(A) ≤ Ag for every g ∈ G. It follows that O2(A) = 1 and the solvability
of A forces that Op(A) > 1. If Op(A) = R(G) then Cay(G, S) is normal, a contradiction. Thus,
Op(A) is a proper subgroup of R(G), that is, Op(A) < R(G).
If A has a normal subgroup N of order p or p2 then N ≤ R(G). Clearly, R(G)/N is a Sylow
p-subgroup of A/N . Let XN be the quotient graph of X corresponding to the orbits of N , that is
the graph with vertices the orbits of N on V (X) and with two orbits adjacent if there is an edge
in X between those two orbits. Then, V (XN ) = pm for m = 2 or three and XN has valency less
than or equal to four. Since |V (XN )| is odd, XN has valency two or four. Let K be the kernel of A
acting on V (XN ). Then, A/K ≤ Aut(XN ) and since A1 is a two-group, N = K ∩ R(G). If XN
has valency two then XN is a cycle of length pm , implying Aut(XN ) ∼= D2pm , where D2pm is
the dihedral group of order 2pm . Since R(G)/N = R(G)/(R(G) ∩ K ) ∼= R(G)K/K . D2pm ,
R(G)/N is cyclic and hence R(G)′ ≤ N . If R(G)′ ≤ Z(R(G)) then R(G) has nilpotency
two, contrary to the fact that c(G) = 3. Thus, R(G)′ 6≤ Z(R(G)), forcing |R(G)′| ≥ p2.
Since R(G)′ ≤ N and |N | = p, p2, one has R(G)′ = N . Thus, R(G)/R(G)′ is cyclic. Let
R(G)/R(G)′ = 〈aR(G)′〉. Then, R(G) = 〈a, R(G)′〉 and by Propositions 2.4 and 2.3, G = 〈a〉,
contrary to fact that G is nonabelian. If XN has valency 4 then K1 fixes the neighborhood of 1
in X pointwise, where K1 is the stabilizer of 1 in K . It follows that K1 = 1. Thus, K = N and
A/N ≤ Aut(XN ). Note that R(G)/N is a regular subgroup of Aut(XN ), acting on V (XN ). This
implies that XN is a Cayley graph on R(G)/N . Since XN has order p3 or p2, c(R(G)/N ) ≤ 2
and by Proposition 2.9, XN is a normal Cayley graph on R(G)/N . Thus, R(G)/N C A/N ,
implying R(G) C A, a contradiction. Thus, A has no normal subgroup of order p or p2.
Since 1 < Op(A) < R(G), one has |Op(A)| = p3 and Op(A) is a minimal normal subgroup
of A. This implies Op(A) ∼= Z3p. Clearly, R(G)/Op(A) is abelian, forcing R(G)′ ≤ Op(A).
Let CR(G)(R(G)′) be the centralizer of R(G)′ in R(G). Then, Op(A) ≤ CR(G)(R(G)′). If
Op(A) < CR(G)(R(G)′) then CR(G)(R(G)′) = R(G), implying that R(G)′ ≤ Z(R(G)),
contrary to the fact c(G) = 3. Thus, Op(A) = CR(G)(R(G)′). It follows that CG(G ′) ∼= Z3p.
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By checking the nonabelian groups of order p4 listed in Proposition 2.6, the only candidates
are G = G4(p) and G7(p) (p ≥ 5). By the following Lemma 3.3, X is not half-arc-transitive,
contrary to the hypothesis. 
Lemma 3.3. There is no connected tetravalent half-arc-transitive Cayley graph on G4(p)
or G7(p) (p ≥ 5).
Proof. Let X = Cay(G, S) be a connected tetravalent edge-transitive Cayley graph on
G = G4(p) or G7(p) (p ≥ 5) with S = {x, y, x−1, y−1}. To prove the lemma, it suffices
to show that X is not half-arc-transitive. By the connectivity of X , G = 〈x, y〉. Set C = CG(G ′).
Case I: G = G4(p) = 〈a, b, c | a p2 = bp = cp = 1, [a, b] = a p, [a, c] = b, [b, c] = 1〉.
It is easy to check that Z(G) = 〈a p〉, G ′ = 〈a p〉×〈b〉 ∼= Z2p, C = 〈a p〉×〈b〉×〈c〉 ∼= Z3p and
c(G) = 3. Note that the quotient group G/Z(G) has exponent p. This implies that Z(G) = 〈g p〉
for any element g of order p2 in G. Now we claim that for all integers i, j, k, `,m, n, we have
[(aib jck)−1, [(aib jck)−1, (a`pbmcn)−1]] = [aib jck, [aib jck, a`pbmcn]]−1. (1)
By the defining relations of G, [a, c]a = ba = ba−p and [a, c]c = bc = b. Since
Z(G) = 〈a p〉, Proposition 2.1 implies that [ai , cn] = binz1 for some z1 ∈ Z(G). It follows that
[aib jck, a`pbmcn] = [aib jck, bmcn] = [ai , bmcn]b j ck = [ai , cn]b j ck [ai , bm]b j ck+n = binz2 for
some z2 ∈ Z(G). Similarly, one has [(aib jck)−1, (a`pbmcn)−1] = binz3 for some z3 ∈ Z(G).
The right side of Eq. (1) is [aib jck, binz2]−1 = [ai , bin]−1 = a−i2np and the left side of Eq. (1)
is [(aib jck)−1, binz3] = [a−i , bin] = a−i2np, as claimed. One may show that Eq. (1) holds for
G = G5(p),G6(p). This fact will be used later. By Lemma 3.1, o(x) = o(y) = p or p2.
Let o(x) = o(y) = p2. Then, Z(G) = 〈x p〉 = 〈y p〉 and x, y 6∈ C . Thus, G/C = 〈xC〉 =
〈yC〉. It follows that xC = yrC for some 1 ≤ r ≤ p − 1 and hence x−1yr ∈ C . Since
G = 〈x, y〉 = 〈x, x−1yr 〉 is nonabelian, one has x−1yr 6= 1, implying o(x−1yr ) = p. Similarly,
xy−r ∈ C and o(xy−r ) = p.
Set z = [x, x−1yr ]. Since G ′ ≤ C and x−1yr ∈ C , one has [x−1yr , z] = 1. Note that
G = 〈x, x−1yr 〉. If [x, z] = 1 then G ′ ≤ Z(G), which is impossible. Thus, [x, z] 6= 1 and
since c(G) = 3, [x, z] ∈ Z(G). It follows that [x, z] = x sp for some 1 ≤ s ≤ p − 1 because
Z(G) = 〈x p〉. Chose an integer t such that st = 1(mod p). Clearly, (t, p) = 1.
Set a′ = x , c′ = (x−1yr )t and b′ = [a′, c′]. Then, c′ ∈ C and [b′, c′] = 1 because
b′ ∈ G ′ ≤ C . By Proposition 2.1, b′ = [a′, c′] = [x, (x−1yr )t ] = [x, x−1yr ]t = zt and hence
[a′, b′] = [x, zt ] = [x, z]t = x stp = x p = (a′)p. Thus, a′, b′ and c′ has the
same relations as do a, b and c. Set a′′ = x−1, c′′ = (xy−r )t and b′′ = [a′′, c′′].
Then, [b′′, c′′] = 1. Since xy−r ∈ C , Eq. (1) implies [x−1, [x−1, (x−1yr )−t ]] = x−p and hence
[a′′, b′′] = [x−1, [x−1, (xy−r )t ]] = [x−1, [x−1, ((x−1yr )−t )x−1 ]] = [x−1, [x−1,
(x−1yr )−t ]]−x = x−p = (a′′)p. Thus, a′′, b′′ and c′′ have the same relations as do a, b,
c. Since (r, p) = 1 and (t, p) = 1, one has G = 〈x, x−1yr 〉 = 〈x, (x−1yr )t 〉 = 〈a′, c′〉
and similarly, G = 〈a′′, c′′〉. Then, there is an automorphism of G, say α, such that
(a′)α = a′′ and (c′)α = c′′, that is, xα = x−1 and ((x−1yr )t )α = (xy−r )t .
Furthermore, (x−1yr )α = xy−r and (yr )α = (xx−1yr )α = x−1xy−r = y−r , implying
yα = y−1. It follows that α ∈ Aut(G, S) and by Proposition 2.10, X is not half-arc-transitive.
Let o(x) = o(y) = p. If p ≥ 5 then G is p-abelian by Proposition 2.5 and hence all elements
of order less than p2 form a proper subgroup of G, contrary to the fact that G = 〈x, y〉. Thus, p
= 3, that is, G = G4(3) = 〈a, b, c | a9 = b3 = c3 = 1, [a, b] = a3, [a, c] = b, [b, c] = 1〉. In
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this case, [a2, c] = a6b2, [a, c2] = b2 and [a2, c2] = a3b. And C = CG(G ′) = 〈a3〉×〈b〉×〈c〉.
It is easy to show that every element of order 3 that is not inC has the form ac2a3ib j or a2ca3ib j ,
where i, j are integers. All these elements belong to the subgroup 〈b, a3〉o 〈ac2〉 that has order
27 (note that (ac2a3ib j )−1 has the form a2ca3kb`). Since G = 〈x, y〉, exactly one of x and y
belongs to C . One may assume that a2ca3ib j ∈ S for some i and j . It is easy to see that a, ba3 j
and ca3ib j have the same relations as do a, b, c, and hence there is an automorphism β such
that aβ = a and (ca3ib j )β = c. It follows that Sβ = {a2c, (a2c)−1, a3kb`cm, (a3kb`cm)−1}
for some integers k, `, m. If 3|m then 〈Sβ〉 ≤ 〈a3, b〉 o 〈a2c〉, contrary to the fact that
G = 〈S〉 = 〈Sβ〉. Thus, one may further assume that Sβ = {a2c, (a2c)−1, a3kb`c, (a3kb`c)−1}.
Note that this may happen for each ` = 0, 1, 2. Now, one may show that there is an automorphism
γ of G such that aγ = a2b`+2a3+3`2 , bγ = ba3(1+2`) and cγ = b`a6`+3`2c2 (note that
[a2b`+2a3+3`2 , b`a6`+3`2c2] = ba3(1+2`)). It follows (a2c)γ = (a2c)−1 and (a3kb`c)γ = (a3k
b`c)−1. By Proposition 2.10, Cay(G, Sβ) and so X is not half-arc-transitive.
Case II: G = G7(p) = 〈a, b, c, d | a p = bp = cp = d p = 1, [c, d] = b, [b, d] = a, [a, b] =
[a, c] = [a, d] = [b, c] = 1〉 (p ≥ 5).
In this case, we have c(G) = 3, G ′ = 〈a〉 × 〈b〉 and C = CG(G ′) = G ′ × 〈c〉 ∼= Z3p. For
any c′, d ′ ∈ G with c′ ∈ C and d ′ 6∈ C , let b′ = [c′, d ′] and a′ = [b′, d ′]. We claim that if
G = 〈c′, d ′〉 then a′, b′, c′, d ′ have the same relations as do a, b, c, d. By Proposition 2.5, G
has exponent p. Since G = 〈c′, d ′〉 and c(G) = 3, one has b′ 6∈ Z(G) and a′ ∈ Z(G). Thus,
[a′, b′] = [a′, c′] = [a′, d ′] = 1 and [b′, c′] = 1 because b′ ∈ G ′ ≤ C and c′ ∈ C , that is, a′, b′,
c′, d ′ have the same relations as do a, b, c, d , as claimed.
Since G = 〈x, y〉, at least one of x and y is not in C . If exactly one of x and y is in C ,
say x ∈ C and y 6∈ C . By the above claim, [[x, y], y], [x, y], x , y and also [[x−1, y−1], y−1],
[x−1, y−1], x−1, y−1 have the same relations as do a, b, c and d. Thus, there is an automorphism
α of G such that xα = x−1 and yα = y−1. It follows that α ∈ Aut(G, S) and by Proposition 2.10,
X is not half-arc-transitive. If both x and y are not in C , then G/C = 〈xC〉 = 〈yC〉, implying
that xC = yiC for some integer i . Clearly, (i, p) = 1 and x−1yi ∈ C . Similarly, xy−i ∈ C . Thus,
G = 〈x, y〉 = 〈x−1yi , x〉 = 〈xy−i , x−1〉. By the above claim, [[x−1yi , x], x], [x−1yi , x], x−1yi ,
x and also [[xy−i , x−1], x−1], [xy−i , x−1], xy−i , x−1 have the same relations as do a, b, c, d.
Thus, there is an automorphism β of G such that (x−1yi )β = xy−i and xβ = x−1. Furthermore,
(yi )β = (xx−1yi )β = x−1xy−i = y−i , implying yβ = y−1. It follows that β ∈ Aut(G, S) and
by Proposition 2.10, X is not half-arc-transitive. 
Note that for a connected Cayley graph Cay(G, S), Aut(G, S) acts faithfully on S. By
Proposition 2.10 and Theorem 3.2, we have
Corollary 3.4. Let X be a connected tetravalent half-arc-transitive graph of order p4 for a prime
p. Then, p ≥ 3 and X is a normal Cayley graph on a nonabelian group G of order p4. Let
X = Cay(G, S) and S = {x, y, x−1, y−1}. Then, Aut(G, S) ∼= Z2 and the nontrivial element in
Aut(G, S) interchanges either x and y or x and y−1.
There exists a nonnormal tetravalent arc-transitive Cayley graph of order 81 on G4(3) (see
[11, Example 3.1]). This implies that Theorem 3.2 is not true if the condition of half-arc-
transitivity is replaced by arc-transitivity. The study of stabilizers of tetravalent half-arc-transitive
graphs becomes currently active. There exist connected tetravalent half-arc-transitive graphs
whose stabilizers are not isomorphic to Z2 (see [9,18,19]). By Theorem 3.2 and [30, Lemma 2.7],
a connected tetravalent half-arc-transitive graph of order p3 or p4 has stabilizer isomorphic to
Z2. This suggests the following.
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Conjecture 3.5. Let X be a connected tetravalent half-arc-transitive graph of prime power order
and A = Aut(X). Then, the stabilizer Au of u ∈ V (X) is isomorphic to Z2.
4. The proof of Theorem 1.1
In this section, we prove Theorem 1.1. Let p be a prime and X a connected tetravalent
half-arc-transitive graph of order p4. By Corollary 3.4, p ≥ 3 and X is a normal Cayley graph
on a nonabelian group G of order p4, say X = Cay(G, S) and S = {x, y, x−1, y−1}. As before,
denote by G ′, Φ(G), Z(G) and c(G) the commutator subgroup, the Frattini subgroup, the centre
and the nilpotent class of G, respectively. Set G p = 〈x p | x ∈ G〉 and C = CG(G ′). First, we
have the following observation:
Observation. (1) G = 〈x, y〉; (2) Aut(G, S) ∼= Z2 and for 1 6= α ∈ Aut(G, S), α interchanges
x and y modulo replacing y by y−1; (3) if G 6= C then x, y 6∈ C .
The first two observations follow from Corollary 3.4. Observation (3) follows from
Observations (1) and (2) and the fact that C is characteristic in G. Note that Observation (2)
implies that o(x) = o(y). By Proposition 2.4, G/Φ(G) ∼= Zp × Zp. Thus, |Φ(G)| = p2. By
Lemma 3.3, there is no connected tetravalent half-arc-transitive graph of order p4 on the groups
G4(p) and G7(p) (p ≥ 5). In what follows we shall consider the other groups Gi (p) (1 ≤ i ≤ 7)
listed in Proposition 2.6 because G has rank two.
Lemma 4.1. Let G = G1(p) = 〈a, b | a p3 = bp = 1, [a, b] = a p2〉 and let X = Cay(G, S)
be a connected tetravalent Cayley graph on G. Then, X is half-arc-transitive if and only if X is
isomorphic to one of Cay(G, {a, a−1bi , a−1, (a−1bi )−1}), 1 ≤ i ≤ (p − 1)/2.
Proof. To prove the necessary, let X be half-arc-transitive. Then, we have Observations (1)–(3).
It is easy to see that G ′ = 〈a p2〉, Φ(G) = Z(G) = 〈a p〉 and c(G) = 2. Since p ≥ 3,
Proposition 2.5 implies that G is p-abelian. Thus, all elements of order less than p3 form a proper
subgroup of G and by Observation (1), o(x) = o(y) = p3. It follows that both 〈x〉 and 〈y〉 are
maximal subgroups of G and hence Φ(G) ≤ 〈x〉 ∩ 〈y〉, which forces Z(G) = Φ(G) = 〈x p〉
= 〈y p〉. Since G ′ ≤ Φ(G) and |G ′| = p, one has G ′ = 〈x p2〉 = 〈y p2〉.
Let z = [x, y]. Since G is non-abelian, z 6= 1 and by Observation (2), zα = [xα, yα] = [y, x]
= z−1, implying that α induces an automorphism of order 2 on Z(G). Since p is odd and
Z(G) is cyclic, Aut(Z(G)) is cyclic and hence Aut(Z(G)) has a unique involution, which must
be the automorphism induced by α. It follows that (x p)α = x−p and (y p)α = y−p. On the
other hand, (x p)α = y p. It follows that x−p = y p and since G is p-abelian, (xy)p = 1.
Note that G ′ = 〈x p2〉 and G = 〈x, y〉 = 〈x, xy〉. Then, [x, xy] = x i p2 for some integer
1 ≤ i ≤ p − 1. Clearly, there is an integer ` such that i` = 1(mod p). Thus, [x, (xy)`] =
[x, xy]` = x i`p2 = x p2 , implying that x and (xy)` satisfy the same relations as do a and b.
Noting that (`, p) = 1, one hasG = 〈x, y〉 = 〈x, (xy)`〉. It follows that there is an automorphism
δ of G such that xδ = a and ((xy)`)δ = b. Thus, Sδ = {a, a−1bi , a−1, (a−1bi )−1}
because yδ = (x−1xy)δ = (x−1(xy)`i )δ = a−1bi . Furthermore, there is an automorphism
θ of G such that aθ = a−1 and bθ = ba−p2 . One may check that {a, a−1bi ,
a−1, (a−1bi )−1}θ = {a, a−1bp−i , a−1, (a−1bp−i )−1}. Thus, X ∼= Cay(G, Si ) for some 1 ≤ i
≤ (p − 1)/2, where Si = {a, a−1bi , a−1, (a−1bi )−1}.
To prove the sufficiency, let X i = Cay(G, Si ) and A = Aut(X i ). For each 1 ≤ i ≤ (p−1)/2,
the map a 7→ a−1bi and b 7→ ba−p2 induces an automorphism of G, say αi , which fixes Si
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setwise and interchanges a and a−1bi . This implies that X i is edge-transitive. By Proposition 2.9,
the Cayley graph X i is normal and by Proposition 2.8, A1 = Aut(G, Si ). Suppose that X i
is arc-transitive. Then, there is a β ∈ Aut(G, Si ) such that aβ = a−1. It follows that:
(a−1bi )β = a−1bi or (a−1bi )−1. If (a−1bi )β = a−1bi then (bi )β = (aa−1bi )β = a−2bi , which
is impossible because o(bi ) 6= o(a−2bi ). If (a−1bi )β = (a−1bi )−1 then (bi )β = (aa−1bi )β
= a−1(a−1bi )−1 = b−iai p2 = (b−1a p2)i , implying bβ = b−1a p2 . In this case, [aβ , bβ ] = a p2
6= a−p2 = [a, b]β , a contradiction. Thus, X i is half-arc-transitive.
Now we are left to show that X i  X j for any 1 ≤ i, j ≤ (p − 1)/2 and i 6= j . Suppose X i∼= X j . By Proposition 2.7, there is an γ ∈ Aut(G) such that Sγj = Si . Recall that aαi = a−1bi ,
bαi = ba−p2 , aα j = a−1b j and bα j = ba−p2 . Thus, Sγαiγ−1j = S j , implying γαiγ−1 ∈ Aut
(G, S j ). By Corollary 3.4, α j is the nontrivial element in Aut(G, S j ) ∼= Z2 and hence γαiγ−1 6=
1 implies γαiγ−1 = α j . Since αi fixes {a, a−1bi } and {a−1, (a−1bi )−1} setwise and α j fixes
{a, a−1b j } and {a−1, (a−1b j )−1} setwise, γαiγ−1 = α j means {a, a−1b j }γ ={a, a−1bi } or
{a, a−1bi }−1. Thus, (a j p2)γ = a±i p2 because [a, a−1b j ]γ = [aγ , (a−1b j )γ ]. On the other
hand, (a j p
2
)γ = a± j p2 because aγ = a±1 or (a−1bi )±1. It follows that a(i± j)p2 = 1, which is
impossible because 1 ≤ i, j ≤ (p−1)/2 and i 6= j . Thus, X i  X j for any 1 ≤ i, j ≤ (p−1)/2
and i 6= j . 
Lemma 4.2. Let G = G2(p) = 〈a, b | a p2 = bp2 = 1, [a, b] = a p〉 and let X = Cay(G, S)
be a connected tetravalent Cayley graph on G. Then, X is half-arc-transitive if and only if X is
isomorphic to one of Cay(G, {bi , abi , b−i , (abi )−1}), 1 ≤ i ≤ (p − 1)/2.
Proof. To prove the necessary, let X be half-arc-transitive. Then, we have Observations (1)–(3).
Moreover, c(G) = 2, G ′ = 〈a p〉 ∼= Zp and Z(G) = G p = Φ(G) = 〈a p, bp〉 ∼= Zp × Zp. By
Proposition 2.5, G is p-abelian. Thus, all elements of order less than p2 form a proper subgroup
of G and by Observation (1), o(x) = o(y) = p2. Furthermore, all elements of order p in G
belong to Φ(G).
Let z = [x, y]. Since G is nonabelian, Observation (1) implies z 6= 1 and since |G ′| = p, one
has G ′ = 〈z〉. Sine G is p-abelian, G p = 〈x p, y p〉 ∼= Zp × Zp, implying that at least one of x p
and y p is not in G ′. Without loss of any generality, one can say x p 6∈ G ′. Thus, G p = 〈x p〉× 〈z〉
because G ′ ≤ G p. It follows y p = (x p)mzn for some integers m and n. By Observation (2),
(x p)α = y p, (y p)α = x p and zα = [x, y]α = [y, x] = z−1. Thus, x p = (y p)α = ((x p)m
zn)α = (y p)mz−n = ((x p)mzn)mz−n = x pm2 zn(m−1), implying that x p(m2−1) = 1 and
zn(m−1) = 1. It follows that: p | n(m − 1) and p | (1− m2), that is, m = ±1(mod p).
To claim p - n, we suppose p | n. Then y p = x pmzn = x pm and since m = ±1(mod p), one
has y p = x p or x−p, which implies that (xy−1)p = 1 or (xy)p = 1 because G is p-abelian. It
follows that xy ∈ Φ(G) or xy−1 ∈ Φ(G). Since G = 〈x, xy〉 or G = 〈x, xy−1〉, Proposition 2.3
implies that G = 〈x〉, contrary to the fact that G is nonabelian. Thus, p - n, as claimed.
Since p | n(m − 1), one has p | (m − 1), that is, m = 1(mod p). It follows that y p = (x p)m
zn = x pzn = znx p, that is, zn = (yx−1)p. Since p - n, one has G ′ = 〈zn〉 = 〈(yx−1)p〉. Thus,
yx−1 has order p2. Let [yx−1, x] = (yx−1)`p for some integer `. Then, (`, p) = 1 because
G = 〈yx−1, x〉 is nonabelian. Then, there exists an integer t such that t` = 1(mod p).
Since (yx−1)`p ∈ G ′ ≤ Z(G), one has [yx−1, x t ] = (yx−1)t`p = (yx−1)p. This implies
that yx−1 and x t satisfy the same relations as do a and b. Clearly, (t, p) = 1 and hence
G = 〈yx−1, x t 〉. Thus, there is an automorphism β of G such that (yx−1)β = a and (x t )β = b.
Since (t, p) = 1, there is an integer j such that t j = 1(mod p2) and ( j, p) = 1. It follows
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that: xβ = (x t j )β = b j and yβ = (yx−1x)β = ab j , that is, Sβ = {b j , ab j , b− j , (ab j )−1}.
It is easy to see that for any integers u, v such that (u, p) = 1 and v = 1(mod p), au and
bv have the same relations as do a and b. Thus, there is an automorphism αu,v of G such that
aαu,v = au and bαu,v = bv . Since ( j, p) = 1, there are integers i, k such that j = i + kp
and 1 ≤ i ≤ p − 1. Note that t j = 1(mod p2) implies that ti = 1(mod p). Then,
{b j , ab j , b− j , (ab j )−1}α1,ti = {bi , abi , b−i , (abi )−1} and {bi , abi , b−i , (abi )−1}αi p−1,1−tp =
{bp−i , abp−i , bi−p, (abp−i )−1}. This implies that X ∼= Cay(G, Si ) for some 1 ≤ i ≤ (p−1)/2,
where Si = {bi , abi , b−i , (abi )−1}.
To prove the sufficiency, let X i = Cay(G, Si ) and A = Aut(X i ). For each 1 ≤ i ≤ (p−1)/2,
chose a fixed integer s such that is = 1(mod p2). Note that (i, p) = 1 and (s, p) = 1. Then,
G = 〈a−1, abi 〉 = 〈a−1, (abi )s〉. By Proposition 2.1, [a−1, (abi )s] = [a−1, b]is = (a−1)p.
Thus, the map: a 7→ a−1, b 7→ (abi )s induces an automorphism of G, say βi , which
interchanges bi and abi . This implies that X i is edge-transitive. Note that βi fixes {bi , abi }
and {b−i , (abi )−1} setwise. By Proposition 2.9, the Cayley graph X i = Cay(G, Si ) is normal
and by Proposition 2.8, A1 = Aut(G, Si ). Suppose that X i is arc-transitive. Then, there is
a γ ∈ Aut(G, Si ) such that (bi )γ = b−i . It follows that (abi )γ = abi or (abi )−1. If
(abi )γ = abi then aγ = (abib−i )γ = ab2i , which is impossible because a p ∈ G ′ but
(a p)γ = (ab2i )p 6∈ G ′. If (abi )γ = (abi )−1 then aγ = (abib−i )γ = a−i p−1. However,
[a, bi ]γ = (ai p)γ = a−i p 6= ai p = [a−i p−1, b−i ] = [aγ , (bi )γ ], a contradiction. Thus, X i is
half-arc-transitive.
It remains to show that X i  X j for any 1 ≤ i, j ≤ (p − 1)/2 and i 6= j . Suppose X i ∼= X j .
Then, Proposition 2.7 implies that there is a δ ∈ Aut(G) such that Sδj = Si . Since βi fixes Si
setwise, Sδβi δ
−1
j = S j , that is, δβiδ−1 ∈ Aut(G, S j ). By Corollary 3.4, β j is the unique non-
trivial element of Aut(G, S j ) and since δβiδ−1 6= 1, one has δβiδ−1 = β j . Recall that βi fixes
{bi , abi } and {b−i , (abi )−1} setwise and β j fixes {b j , ab j } and {b− j , (ab j )−1} setwise. Then,
δβiδ
−1 = β j implies that {b j , ab j }δ = {bi , abi } or {bi , abi }−1. Thus, (a j p)δ = a±i p because
[b j , ab j ]δ = [(b j )δ, (ab j )δ]. On the other hand, since aδ = (ab jb− j )δ = (bi (abi )−1)±1
or (b−iabi )±1, one has aδ = a±1 or (ai p+1)±1 and hence (a j p)δ = a± j p. It follows that
a(i± j)p = 1, which is impossible because 1 ≤ i, j ≤ (p − 1)/2 and i 6= j . Thus, X i  X j for
any 1 ≤ i, j ≤ (p − 1)/2 and i 6= j . 
By Lemma 3.3, we prove that there is no connected half-arc-transitive Cayley graph on G4(p)
and G7(p) (p ≥ 5). For other Gi (p), we have the following lemma:
Lemma 4.3. There is no connected tetravalent half-arc-transitive Cayley graph on each group
G3(p), G5(p), G6(p) or G7(3).
Proof. Let G = G3(p), G5(p), G6(p) or G7(3). Suppose to the contrary that there is a
connected tetravalent half-arc-transitive Cayley graph on G, say X = Cay(G, S) and S = {x, y,
x−1, y−1}. Then, we have Observations (1)–(3).
Case I: G = G3(p) = 〈a, b, c | a p2 = bp = cp = 1, [a, b] = c, [a, c] = [b, c] = 1〉.
It is easy to check that G ′ = 〈c〉 ∼= Zp, Z(G) = 〈a p〉×〈c〉 and c(G) = 2. Let H = 〈a p, b, c〉.
Then, H = 〈a p〉 × 〈b〉 × 〈c〉 ∼= Z3p. By Proposition 2.5, G is p-abelian and hence all elements
of order less than p2 form a proper subgroup of G. Thus, o(x) = o(y) = p2 and since H ∼= Z3p,
one has G/H = 〈xH〉 = 〈yH〉. It follows that yH = x iH for some 1 ≤ i ≤ p − 1. If
y = x i then G = 〈x, y〉 is abelian, a contradiction. Thus, x−i y ∈ H implies that o(x−i y) = p.
Similarly, o(x i y−1) = p. Now it is easy to see that x i and x−i y and also x−i and x i y−1 satisfy
Y.-Q. Feng et al. / European Journal of Combinatorics 29 (2008) 555–567 565
the same relations as do a and b. Clearly, G = 〈x, y〉 = 〈x i , x−i y〉 = 〈x−i , x i y−1〉. Thus,
there is an automorphism β of G such that (x i )β = x−i and (x−i y)β = x i y−1. It follows that
xβ = x−1 and yβ = (x i x−i y)β = x−i x i y−1 = y−1. This implies that β ∈ Aut(G, S) and by
Proposition 2.10, X is not half-arc-transitive, contrary to hypothesis.
Case II: G = 〈a, b, c | a p2 = bp = 1, cp = aλp, [a, b] = a p, [a, c] = b, [b, c] = 1〉, where
λ = 1 or a nonquadratic residue modulo p; thus G = G5(p) for λ = 1 and G = G6(p) for λ
being a nonquadratic residue modulo p.
In this case, we have Z(G) = 〈a p〉, G ′ = 〈a p〉 × 〈b〉 ∼= Z2p, c(G) = 3 and C = CG(G ′) =
〈b〉 × 〈c〉 ∼= Zp × Zp2 . Note that the quotient group G/Z(G) has exponent p. This implies
that Z(G) = 〈z p〉 for any element z of order p2 in G. By Observation (3), x, y 6∈ C and by
Observation (2), o(x) = o(y) = p or p2.
Let o(x) = o(y) = p. Suppose p = 3. Then, G 6= G6(3) (λ = 2) because all elements, which
are not in C , have order 9. For G = G5(3), all elements of order 3, which are not in C , have
the form aca3ib j or a2c2a3ib j . These elements belong to the proper subgroup 〈a3, b〉o 〈ac〉 of
G, contrary to Observation (1). Thus, p ≥ 5. By Proposition 2.5, G is p-abelian and hence all
elements of order less than p2 form a proper subgroup of G, again contrary to Observation (1).
Let o(x) = o(y) = p2. Then, Z(G) = 〈x p〉 = 〈y p〉. Since x, y 6∈ C , one has G/C =
〈xC〉 = 〈yC〉. Thus, xC = yiC for some 1 ≤ i ≤ p − 1 and hence x−1yi ∈ C . Suppose
x−1yi ∈ G ′. By Propositions 2.3 and 2.4, G = 〈x, y〉 = 〈x, x−1yi 〉 = 〈x〉, a contradiction. Note
that every element in C but not in G ′ has order p2. It follows that o(x−1yi ) = p2 and hence
Z(G) = 〈(x−1yi )p〉. Similarly, o(xy−i ) = p2.
Set u = x , w = x−1yi and v = [u, w]. Then, o(u) = o(w) = p2. Note that c(G) = 3 and
G = 〈x, y〉 = 〈u, w〉. Then, v 6∈ Z(G) and hence o(v) = p because v ∈ G ′. Since G ′ ≤ C
and w ∈ C , one has [w, v] = 1, implying [u, v] 6= 1 because c(G) = 3. Thus, [u, v] ∈ Z(G)
and since Z(G) = 〈w p〉 = 〈u p〉, one may chose fixed integers r and s such that w p = urp and
[u, v] = usp. Clearly, (r, p) = 1 and (s, p) = 1. It follows that G has the following defining
relations (herewith for convenience we abuse the notation u, v, w):
G = 〈u, v, w | u p2 = v p = 1, w p = urp, [u, v] = usp, [u, w] = v, [v,w] = 1〉.
Set u′ = x−1, w′ = xy−i and v′ = [u′, w′]. Then, we have (w′)p = (xy−i )p = (yi x−1)−p
= ((x(x−1yi )x−1)p)−1 = (x((x−1yi )p)x−1)−1 = (x(w p)x−1)−1 = (x(urp)x−1)−1 = (xrp)−1
= (x−1)rp = (u′)rp. Recall that Eq. (1) in Lemma 3.3 holds for G = G5(p) and G6(p). Then,
[u−1, [u−1, w−1]] = [u, [u, w]]−1 = [u, v]−1 = u−sp because w ∈ C . It follows that: [u′, v′]
= [u′, [u′, w′]] = [u−1, [u−1, xy−i ]] = [u−1, [u−1, uw−1u−1]] = [u−1, [u−1, w−1]]u−1 =
(u−sp)u−1 = u−sp = (u′)sp. Clearly, [v′, w′] = 1 because v′, w′ ∈ C . Thus, u′, v′ and w′
have the same relations as do u, v and w. This implies that there is an automorphism β of G
such that uβ = u′ and wβ = w′, that is, xβ = x−1 and (x−1yi )β = xy−i . It follows that:
(yi )β = (xx−1yi )β = x−1xy−i = y−i and hence yβ = y−1. Thus, β ∈ Aut(G, S) and by
Proposition 2.10, X is not half-arc-transitive, a contradiction.
Case III: G = G7(3) = 〈a, b, c | a9 = b3 = c3 = 1, [a, b] = 1, [a, c] = b, [b, c] = a−3〉.
One may easily show that G ′ = 〈a3〉×〈b〉 ∼= Z3×Z3 and C = 〈a〉×〈b〉 ∼= Z9×Z3. Also the
elements caib j and c2aib j for all i, j have order three. Since x, y 6∈ C (Observation (3)), one has
o(x) = o(y) = 3, and each of x and y has form caib j or c2aib j . Note that (caib j )−1 has form
c2akb`. Thus, one may assume that x = caib j for some i, j . Clearly, [a, x] = [a, caib j ] = [a, c]
= b. It follows that a, x , b have the same relations as do a, c, b. Thus, there is an automorphism
β of G such that xβ = c and hence Sβ = {c, c−1, cakb`, (cakb`)−1} for some k, `. If
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3|k then 〈Sβ〉 ≤ 〈a3, b〉 o 〈c〉, which is impossible because G = 〈Sβ〉 and |〈a3, b〉 o 〈c〉|
= 27. Thus, 3|/k. In this case, [akb`, c] = bka−3` and [bka−3`, c] = a−3k = (akb`)−3.
This implies that akb`, bka−3`, c have the same relations as do a, b, c and hence there is an
automorphism γ of G such that (akb`)γ = a and cγ = c. It follows that Sβγ = {c, c−1,
ca, (ca)−1}. Now, one may show that the mapping a 7→ a2b, b 7→ a6b and c 7→ c−1
induce an automorphism of G, say δ, and that cδ = c−1 and (ca)δ = c−1a2b = (ca)−1. By
Proposition 2.10, Cay(G, Sβγ ) is not half-arc-transitive and neither is X , a contradiction. .
Now, Theorem 1.1 follows from Lemmas 3.3 and 4.1–4.3.
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